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Abst rac t - -Th is  paper studies the topological structure of the set of solutions for the equation 
y = Fy, where F is an abstract Volterra operator on LP([0, a]Rm), with an application to a nonlinear 
integral equation. (~) 1999 Elsevier Science Ltd. All rights reserved. 
Keywords - -Abst rac t  Volterra equations, Fixed points, Nonlinear integral equations. 
1. INTRODUCTION 
The study of certain classes of equations uses the topological structure of Fix (F), where F is an 
abstract Volterra operator on a Banach space E [1,2]. For certain spaces E, results concerning 
this structure can be found in the literature [3]. For E = C([O,a],Rm), a result similar to 
Theorem 1 below was proved in [3]. Our work was motivated by the papers of Szufla [2,4]. 
THEOREM 1. Let X = {x e E : []X[[p _< r} be the closed ball in E. Assume that F : X --~ E is a 
continuous, compact map such that the following conditions hold: 
(i) ~Uo E ~m such that F(x)(O) : uo, all x • X; 
(ii) Ve • (O,a),Vx, y • X ,  i f  x(t) = y ( t ) ,V t  • [0, el, then F(x) ( t )  = F (y ) ( t ) ,V t  • [0, e]; 
(iii) i f  y • E satisfies y = Fy,  then y • X.  
Then, Fix (F)  is an R~ set. 
The proof in [3] is based on the following result [5, p. 394]. 
THEOREM 2. Let X be a metric space, E a Banach space, and let {fn}n be a sequence of 
continuous maps, fn : X --* E,  which converge uniformly on X to map f : X ~ E. Assume fn 
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and f axe proper, and that for ali y in a neighborhood of O in E,  there exists exact ly one solution 
of the equation fn(x)  = y. Then, f - l (O)  is an Re set. 
The purpose of this paper is to prove Theorem 1 for E = LP([O, a]lR m) (1 < p < co), and 
i l lustrate the immediate applicabil ity of this theorem by an example. 
2. THEOREM 1 FOR E - -LP( [0 ,  a],R m) 
The proof we present below is based on the idea in [3]. 
PROOF OF THEOREM 1. For E = LP([0, a], R m) the space of all strongly measurable functions 
u :  [0, a] ~ R m, such that  ][Xllp = (f: [[x(t)IlPdt) 1/p < oc. 
Let I be the identity operator on E. It is sufficient to find a sequence of maps {Fn}~, Fn : 
X --* E,  such that  
lim Fn(x)  = F(x)  uniformly, for x • X; (1) 
n --*(~3 
I - F and I - F,~ are proper, for all n; (2) 
I - Fn is a homeomorphism form X to ( I  - Fn) (X) ,  for all n, (3) 
to apply Theorem 2 for f : X --* E,  f~ : X -~ E, f = I - F, fn = I - Fn, and conclude that  
( I  - F) - I (0 )  is an R~ set. It  is then enough to notice from (iii) that  Fix (F)  = ( I  - F ) - I (0 ) .  
For this, we use the construction in [3,6], i.e., for each n let Fn : X --* E be defined by 
F~(x)(t)  = F(x) ( rn( t ) ) ,  for x • X and t • [0, a], 
where 
rn(t) = a a 
ft' -~,a 
Notice first that  each F~ is continuous and compact.  
To see that  Fn is continuous let e > 0; since F is continuous 3 6 > 0 such that  ]Ix - YlIp < 6 
implies IIF(x) - F(y)IIp < e. Then for x ,y  in X with [Ix - YIIp < 6, we also have 
jfa a a 
/0 a < IlF(x)(s) - F(y)(s) l lPds < e p. 
To see that  Fn is compact,  let B be a bounded subset of X.  Since F is compact,  F(B)  is 
relatively compact,  therefore, there exists M > 0 with 
IIF(x)(t)llp ~ M, all x c B, (4) 
and 
fo a I lF(x)(t + r) - F(x)(t)l[ p -* O, as r --~ 0, uniformly x E (5) dt for B. 
Now if y,~ E F~(B) ,  then y,~ = F~(x), for some x • B, and 
fa in fa--a/n 
[lYn"~ = Jo llu°IIPdt + ]o IIF(x)(01tPdt 
so the Fn(B)  is bounded by (aHuoH p + MP) 1/p. Also, for T --* 0, we may assume v < a/n,  and 
then, if we let G be defined by 
c( t )  = F~(x) ( t  + r )  - F ,~(x)( t ) ,  
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we have 
io o ia, . ¢,n La I l a ( t )F  dt = IIC(t)ll p dt + IIC(t)ll p dt + I la(t) l l"  dr. 
.so a <~l,~- . iN  
The first integral is zero; the third integral has the limit 0 as r --~ 0, uniformly for x E X (since 
(5) holds); the second integral is bounded above by v(ltu0H p + MP), which has the limit 0 as 
r -~ 0, uniformly for x E X.  Thus, Fn(B)  is relatively compact. 
We now show the l imn-~ F , (x )  = F(x) ,  uniformly for x c X. Since F is compact, (4) and (5) 
hold for B = X. Then, 
L ~ IIFn(z)(t) - F(x)(t)l lP dt 
( P IIF(x)(O) - F(x)(t) l l  p + F (x )  \ t -  ,~.-" - F (x ) ( t )  dt. 
JO /n 
The first term is bounded above by a/n(l luol lP+MP), therefore, its limit is 0 as n --* ec, uniformly 
for x E X;  the second term has the limit 0 as n ~ oo, uniformly for x C X,  since (5) holds. 
To prove that  I - F is proper, let Y be a compact set in E. If {x j} j  is a sequence on 
( I  - F) - I (Y ) ,  then xj  - F (x j )  E Y for all j .  Since Y is compact, there exists a subsequence of 
{xj  }j, again denoted {xj  }j, and there exists a y E Y, such that 
xj  - F (x j )  ---* y in E, as j -~ oc. (6) 
Since F compact, F(X)  is relatively compact, so there exists a subsequence of {x j} j ,  again denote 
{x j} j ,  and there exists a z E E, such that  
F(x j )  ---* z in E, as j --* oc. (7) 
Now (6) and (7), imply that  xj  --* y + z in E as j --* cx~. In addition, to this, F is continuous 
and Y is compact, so y + z E ( I  - F ) - I (Y ) .  Thus, I - F is proper. Using the same arguments, 
one concludes that  I - F= is proper for all n. See also [4, p. 155]. 
To finish the proof, we point out that each I - F= is a homeomorphism, since F~ is continuous, 
I - F~ is one-to-one [3, p. 161], and ( I  - Fn) -1 is continuous [6, p. 169]. We provide a few 
details. Let x ,y  • X be such that  ( I - Fn) (X)  = ( I -  F=)(y). Then, for t • [O,a/n], x(t)  -y ( t )  = 
F (x )  (rn(t) ) - F (y) ( rn( t )  ) = u0 - u0 = 0; for t E [a/n, 2aln]x(t)  - y(t) = F (x ) ( t -  a /n)  - F(y ) ( t  - 
a/n)  with t - a /n  E [0, a/n], so x(t) - y(t) = 0, since (ii) holds; repeat the procedure for each 
[ia/n, ((i + 1)a)/n], i = 1 , . . .n  - 1, and conclude that  I - F ,  is one-to-one (see [3, p. 161]). For 
the continuity of ( I  - F,~) -1, let {x j} j  be a sequence in X,  and let x be in X,  such that  
lim II(xj - Fn(x j ) )  - (x - Fn(x))ll p = 0. (8) 
j---*cx) 
For t E [0, a/n], we have Fn(x i ) ( t  ) = Fn(x)(t)  = u0, thus, (8) gives 
lim II(xj - x)X[o,a/,~lllp = O, j - - ,~ 
where X[0,a/,q is the characteristic function of the interval [0, a/n]. Also, since F is continuous, 
it follows that  
lim [[(F(xj) - -  f (x ) )X[O,a /n ] l [  p = O. (9) 
j---*oo 
For t e [a/n, 2a/n], we have t - a /n  e [0, a/n] and F~(x j ) ( t  - a /n)  = uo, F~(x j ) ( t )  = F (x j ) ( t  - 
a /n)  and F,~(z)(t) = F (x ) ( t  - a/n) ,  thus (8) and (9) give 
lim I I (F(xj) - F(x))X[o,2a/n]llp = O. 
j ---* ~ 
Repeat the procedure on each interval of length a/n,  and obtain 
lim IIF(xj) - F(x)N p = O, 
j-+oo 
thus, l im j_~ Ilxj - x[I p = 0, so ( I  - Fn) -1 is continuous (see [6, p. 169]). I 
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3. APPL ICAT IONS 
To show how to apply Theorem 1 in practice for E = LP([0, a]R) (1 < p < co), we consider the 
integral equation 
I ° y(t) = k(t, s)g(s, y(s)) ds (10) 
for t E [0,a]; here 0 < a < co is fixed. 
THEOREM 3. Assume p, q > 1 with 1/i9 + 1/q = 1. Suppose the following conditions hold: 
the map t ,. , g(t, y) is measurable for all y E R; (11) 
the map y,  ~ g(t,y) is continuous for almost all t E [0,a]; (12) 
there exists a function b: [0, a] --* [0, co], b E Lq([0, a].lR), (13) 
and a c > with ]g(t,Y)l <_ b(t) + clyl p/q 
k : [0, a] x [0, t] --* R is such that (t, s), ~ k(t, s) is measurable, (14) 
fol ~a lk ( t , s ) lPdtds  < co, 
there exists a function ~:  [0, a] --* [0, col with ¢ E LP([0, a], R) (15) 
and Ik(t, s)l <_ ¢(s) t'or O < s < t. 
Let I :  [0, co] -* [0, co] be an increasing map given by 
fo ~ dx I(z) = 1 + x~/q 
and let 
Also assume 
fo a (t) dt e dom (Z -1) 
holds. 
Then, the solution set of (10) is a R~ set. 
PROOF. Let 
[(foe )]l/p r = 1-1 e(t) dt , Z = {x e E :  [[x[I p < r} 
Also let F : X -~ E be given by 
Fy(t)  = k (t, s)g(s, y(s))) ds, 
(16) 
for y E X and t E [0, a]. (18) 
Now, [7, Chapter 4] implies F : X --~ E is a continuous, compact map. Notice (i) and (ii) in 
Theorem 1 hold. If we show (iii) in Theorem 1 is satisfied, then we are finished. 
To show (iii), let y E E satisfy y = F(y).  We must show ]IYIIp <- r. First notice for t E [0, a] 
that 
/0' /0' ly(t)l < ¢(s)b(s) ds + c •(8)ly(8)I p/q ds 
and E = LP([0, a],R). (17) 
and so 
Let 
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~0 t¢(s)b(s)ds + c (fot[~(s)]P ds)  lip (~ot ,y(s)lP ds)1/q 
~o t u( t )  = ly(s)lPds 
and so 
ttt(t) ~__ 2p-l{C~oot~(8)b(8)ds)P-FeP (~ot[~(s)]Pd8) (u(t))P/q}, for t E [0, a]. 
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As a result, 
and integration from 0 to a yields 
Consequently, 
u'(t) <_ e(t) (1 + (u(t)) p/q) 
fo u(a) dx I(u(a)) = 1 + xP/q j~0 a- -  < e ( t )  dt. 
and as a result Ilyllp -< r (where r is as defined in (17)). II 
It is straightforward to notice that Theorem 1 can be applied to the equation y = Fy whenever 
there exists an r > 0 with 
Ilyll~ -< r, for all y c L p such that y = Fy. (19) 
Then, one just defines X as in (17) and applies Theorem 1. For example, for equation (10), 
another result like Theorem 3 can be found if the hypotheses of this theorem are replaced by 
~mother set of conditions that guarantee that there exists and r > 0 so that (19) holds. 
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